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Ken and βN
I came to the University of Wisconsin on August 16, 1977, the day that Elvis Presley died. I was supported by a grant
from the Netherlands Organization for the Advancement of Pure Research ZWO (the Dutch NSF). I had completed my Ph.D.
in June of that year, and I was hungry for more topology. I stayed for a full year and boy was it exciting. Saharon Shelah
was visiting and proved his famous P -point Independence Theorem, and a lot more. Mary Ellen Rudin proved one theorem
after the other. Arnie Miller and Charley Mills were there, and so were lots of other people. Eric van Douwen called me
every Saturday for a few hours, which irritated my wife Geertje tremendously. It was also unimaginably cold in Madison
during the winter. But the atmosphere was wonderful, both socially and scientiﬁcally.
And there was Ken Kunen.
Ken was very friendly to talk to and answered every question I asked him within 5 seconds.
At that time Ken was already very famous in set theory and topology, especially by his work on large cardinals, Martin’s
Axiom and βN. I will concentrate here on Ken’s work on βN, the Cˇech–Stone compactiﬁcation of the (discrete) space of
positive integers N.
1. The Rudin–Keisler order on βN
For f : N → N we let β f : βN → βN denote its Stone extension. Deﬁne an equivalence relation ∼ on βN by p ∼ q if and
only if there exists a permutation π : N → N such that βπ(p) = q. If p ∼ q then we say that p and q are of the same type.
For p,q ∈ βN , we deﬁne p RK q if and only if there is an f : N → N such that β f (q) = p. It is not diﬃcult to show that
if p RK q and q RK p then p ∼ q. The quotient relation deﬁned by RK on βN/∼ is a partial ordering and is called the
Rudin–Keisler order on the types of βN.
Interest in ∼ and RK came from the work of Frolík [7], who showed in ZFC that βN \ N is not homogeneous, a result
which was proved earlier by Walter Rudin [12] under CH.
It is natural to investigate the structure of RK, for example whether it is a linear order of the types. Under CH the
answer is almost trivially no, and so one would expect a relatively simple answer to this question in ZFC. This turned out
not to be the case. In [8], Ken used an ingenious new technique to prove that there are c pairwise incomparable elements
in βN/∼.
To see why such a technique was needed let us see where a straightforward construction might break down. The task
is to construct points p and q in βN such that p RK q and q RK p. The idea is to do this in a transﬁnite recursion of
length c, where at each stage one ensures that p and q are not mapped to each other by the next map in an enumeration
of NN . Under CH this is relatively easy since one is then in the pleasant situation that at every step there are only countably
many things to worry about. But if one does not assume CH it may happen that the ultraﬁlters p and q are complete at
an intermediate stage, with many more functions to take care of. Ken overcame this problem by inventing a technique that
ensures that the transﬁnite construction can indeed be carried out all the way without constructing ultraﬁlters prematurely.
The idea is to start with an independent family I of subsets of N of size c. At each step of the transﬁnite construction,
the ﬁlters under consideration are independent with respect to I modulo a negligible number of its elements. So, loosely
speaking, Ken made sure that right from the beginning one has enough free space to complete all steps in the transﬁnite
process. Ken’s theorem was generalized by Shelah and Rudin [14] and Dow [6]. That it is a signiﬁcant result soon became
clear since it implies that no inﬁnite compact F -space is homogeneous; see Comfort [4]. This result was generalized consid-
erably later in Kunen [11]. It is still unknown whether for every p ∈ βN \ N there exists q ∈ βN \ N such that p RK q and
q RK p. Since Ken is retired from teaching now, he should have all the time in the world to solve this problem.
2. Weak P -points and other points
Walter Rudin proved in [12] that under CH the space βN \ N contains a P -point, which is a point with the property
that the intersection of any countable family of its neighborhoods is again a neighborhood. Since a compact space in which0166-8641/2011 Published by Elsevier B.V.
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this result. For Walter this was the end of the story since he was a fan of CH; see Rudin [13, p. 159]. We already mentioned
that Frolík [7] proved that βN \ N is not homogeneous in ZFC.
In [9] Ken showed that CH and, more generally Martin’s Axiom, implied that βN \ N contains other points with easily
formulated topological properties: not a P -point but also not an accumulation point of any countable set, a countable dense-
in-itself set of points that are not accumulation points of countable discrete sets. In this paper Ken also proved that in the
random real model there are no RK-minimal points in βN \ N; again, under CH such points are easy to come by.
I already said that Shelah proved his famous P -point Independence Theorem while I was in Madison; see Wimmers [15].
That is, it is relative consistent that P -points do not exist. For homogeneity aﬁcionados, this result is a little disappointing.
For, as noted above, P -points give a clear cut topological reason why βN \ N is not homogeneous.
In his brilliant paper [10] Ken proved that βN \ N contains a so-called weak P-point. That is, a point that is not an
accumulation point of any countable set. This result made homogeneity aﬁcionados very happy, since Ken’s result shows
that there are at least two points in βN \ N that are topologically distinct for obvious reasons. Ken’s proof is a variation of
his proof of the existence of Rudin–Keisler incomparable ultraﬁlters. Again his point is constructed in a transﬁnite process of
length c. Now, the ﬁlters under consideration are independent modulo a so-called independent linked family. Such a family is
combinatorially much more complicated than a mere independent family. Notice that Ken’s formidable result was published
in a conference proceedings.
Ken’s result and method were used by many others for various other purposes. There are too many applications to
mention here. For generalizations that Ken proved himself, see Baker and Kunen [1,2].
3. Other results
Ken got many other results on the topology of βN. One of them is his result with Bell [3] that, on the one hand, if the
coﬁnality of c is c, then there is a point in βN \ N whose π -character is c, whereas on the other hand it is consistent that
all points in βN \ N have π -character ℵ1 < c. Another one is the result jointly with van Douwen and myself [5] that there
can be proper dense C∗-embedded subspaces in βN \ N.
4. Conclusion
It is always great to work with Ken, and I very much admire his brilliance. Of course, I attended Ken’s retirement party
in Madison in 2009. It was nice to meet old friends, and to see that over the years not much has changed: Ken still answers
all my questions within 5 seconds.
Jan van Mill
Faculty of Sciences,
Department of Mathematics,
VU University Amsterdam,
De Boelelaan 1081a,
1081 HV Amsterdam,
The Netherlands
E-mail address: j.van.mill@vu.nl
References
[1] J. Baker, K. Kunen, Limits in the uniform ultraﬁlters, Trans. Amer. Math. Soc. 353 (2001) 4083–4093 (electronic).
[2] J. Baker, K. Kunen, Matrices and ultraﬁlters, in: Recent Progress in General Topology, II, North-Holland, Amsterdam, 2002, pp. 59–81.
[3] M.G. Bell, K. Kunen, On the PI character of ultraﬁlters, C. R. Math. Rep. Acad. Sci. Can. 3 (1981) 351–356.
[4] W.W. Comfort, Ultraﬁlters: some old and some new results, Bull. Amer. Math. Soc. 83 (1977) 417–455.
[5] E.K. van Douwen, K. Kunen, J. van Mill, There can be proper dense C∗-embedded subspaces in βω \ ω, Proc. Amer. Math. Soc. 105 (1989) 462–470.
[6] A. Dow, βN, in: The Work of Mary Ellen Rudin, Madison, WI, 1991, in: Ann. New York Acad. Sci., vol. 705, New York Acad. Sci., New York, 1993,
pp. 47–66.
[7] Z. Frolík, Sums of ultraﬁlters, Bull. Amer. Math. Soc. 73 (1967) 87–91.
[8] K. Kunen, Ultraﬁlters and independent sets, Trans. Amer. Math. Soc. 172 (1972) 299–306.
[9] K. Kunen, Some points in βN , Math. Proc. Cambridge Philos. Soc. 80 (1976) 385–398.
[10] K. Kunen, Weak P -points in N∗ , in: Topology, vol. II, Proc. Fourth Colloq., Budapest, 1978, North-Holland Publishing Co., Amsterdam, 1980, pp. 741–749.
[11] K. Kunen, Large homogeneous compact spaces, in: J. van Mill, G.M. Reed (Eds.), Open Problems in Topology, North-Holland Publishing Co., Amsterdam,
1990, pp. 261–270.
[12] W. Rudin, Homogeneity problems in the theory of Cˇech compactiﬁcations, Duke Math. J. 23 (1956) 409–419.
[13] W. Rudin, The Way I Remember It, Hist. Math., vol. 12, American Mathematical Society, Providence, RI, 1997.
[14] S. Shelah, M.E. Rudin, Unordered types of ultraﬁlters, Topology Proc. 3 (1978) 199–204.
[15] E. Wimmers, The Shelah P -point independence theorem, Israel J. Math. 43 (1982) 28–48.
